We present a simple representation for arbitrary-order rogue wave solution and study on the trajectories of them explicitly. We find that the global trajectories on temporal-spatial distribution all look like "X" shape for rogue waves. Short-time prediction on rogue wave can be done through measuring the information contained in the initial perturbation twice.
I. INTRODUCTION
Rogue waves(RW) are both localized in space and time and depict a unique event which seems to appear from nowhere and disappear without a trace [1] [2] [3] [4] [5] . They are one of those fascinating destructive phenomena in nature, and have been observed experimentally in nonlinear optics [6] and water wave tank [7] . Many studies indicate that nonlinear theories can be used to explain the dramatic phenomena. Among nonlinear theories, the most fundamental is based on the nonlinear Schrödinger equation (NLS) [8] i ∂u(x, t) ∂t + ∂ 2 u(x, t) ∂x 2 + 2|u(x, t)| 2 u(x, t) = 0, (1) whose rational solution has been used to describe the RW phenomena [9] .
Most studies focus on the highest peak value and the structure character when the highest peak emerge [10] [11] [12] , since RW seems to appear from nowhere and disappear without a trace. In fact, RW always contain certain structure on the plain background, and its trajectory indeed exist. The perturbation is so weak that it can not be observed clearly long before or after the moment when the highest peak emerges. We can study its trajectory based on the RW solution. The knowledge about its traces would help us to predict and prevent RW phenomena.
In this paper, we present a simple representation for general NLS RW solution, and investigate the dynamics and kinetics of RW explicitly. We find the whole trajectories for high-order RWs are similar to the one of the first-order RW, whose trajectory looks like an "X". They are different around the location where the RW happens. For first-order RW, we can predict the location on temporal-spatial distribution where it will appear by testing the width and hump of RW twice. The results can be extended to predict the higher-order RW. * Electronic address: zhaolichen3@163.com
II. A SIMPLE REPRESENTATION FOR GENERAL ROGUE WAVE SOLUTION
We derive a generalized expression for arbitrary Nthorder RW solution of Eq. (1) as follows
and its density expression can be derived as
The expressions for A 1 , A 2 and A are
where
The variable function ψ j , φ j and A i,j are the related Taylor expansion coefficients of the following functions
The symbolr epresents the complex conjugation.
Proof: We prove this theorem based on generalized Darboux transformation. We neglect the proof for the generalized Darboux transformation, since the details are given in references [13] [14] [15] [16] [17] . The Lax pair for NLS equation (1) is:
Suppose the seed solution for NLS equation (1) 
Together with the generalized Darboux transformation T , we can obtain the fundamental solution matrix Ψ = T Ψ 0 for general rogue wave solution u. On the other hand, we can see that
). Then we have
Comparing the coefficient of above two equations, then we have
It follows that we have
and
give the exact formula for u and |u| 2 :
where T i [11] and T i [21] represent the (1, 1) and (2, 1) element of matrix T i respectively. Finally, the exact rogue wave solution can be obtained by the limit technique [13, 14] . We illustrate that we give a simple formula of general rogue wave solution for NLS equation (1) . In reference [10] , the authors merely give the first five order rogue wave by modified Darboux transformation. Many different methods have been performed to derive Nth-order RW solution, such as the Hirota bilinear method [11] , reduction method [18] , algebraic reduction method [19, 20] , and the generalized Darboux transformation method [12] . However, the formulas presented in these papers are all the ratio of two 2N × 2N determinants. In this paper, we develop the generalized Darboux transformation method [12] to present a much simpler representation for Nthorder RWs with ratio of (N + 1) × (N + 1) order determinant and N × N order determinant.
III. THE DYNAMICS AND KINETICS OF FUNDAMENTAL ROGUE WAVES
The fundamental RW solution has been given for a long time [21] , and its explicit formation can be given directly from the generalized expression with N = 1 as The solution corresponds to the well-known "eyes" shaped RW. Near t = 0, the wave has highest hump and there are two valleys around the hump (see Fig.  1(a) ). Long before or after t = 0, the peak values of the hump and valley are close to the background. But the wave keep the structure shape before or after the moment t = 0. Therefore, we can define the trajectory by the motion of its hump and the valleys, which can be described by the motion of the hump and valleys' center locations [22] . The motion of its hump's center is calculated as
and the motions of the two valleys' center are
Then, we can plot the RW's trajectory in Fig. 1 (b) . The trajectory looks like an "X" shape, for which there is a straight green solid line and two red dashed lines. The green solid line is the trajectory of RW's hump, and the red dashed lines are the trajectories of the two valleys. Furthermore, we can define the width of RW as the distance between the two valleys' centers, which corresponds to the distance between the two red lines in Fig.  1(b) . Its evolution is
Obviously, the width is compressed before the moment t = 0 when the highest peak emerge and is broadened after the moment. Correspondingly, one can derive explicit expressions directly which describe the evolution of RW's hump and valleys, shown in Fig. 2 . It is seen that the highest value of the RW is nine times the value of background. Compare Fig. 1(b) and Fig. 2 , we know that RW has the highest and steepest structure when the width is the smallest. Namely, modulation instability induces the compressive effect on the two valleys. The width is broaden or compressed with time, the peak decrease or increase correspondingly.
IV. SHORT-TIME PREDICTION ON ROGUE WAVES
From the evolution of RW's hump and valleys, we can know that the perturbation for RW is too weak to be tested at moments which are long before the RW emerges. Therefore, it is very hard to predict RW long time before it emerges. However, short-time before or after the RW emerge, the perturbation is a stronger, and can be tested easier. Based on this properties, short-time prediction about them could be realized through measuring the perturbation distribution. For example, we measure the density distribution of the perturbation at a time, such as the ones in Fig. 3 . One can measure the distance between the two valleys' centers, marked as W 1 . Because the symmetry of RW evolution, we need measure it again just after and next to the first measure time. The second width measurement value is marked as W 2 . If W 2 > W 1 , the RW has emerged before we measure; if W 2 < W 1 , the RW has not emerged and the time how long after the second measure time the highest peak will appear is √
. The location where RW emerge can be predicted by the trajectory of its hump. Since the trajectory of the hump is a straight line, we can predict the location by measuring the hump twice. Considering that two points determine one straight line and the time has been predicted, we can predict the explicit location on the temporal-spatial distribution where the highest peak emerges. Since the traces for higher-order RWs are similar, we can extend the prediction to them. It should be emphasized that the study on spectral character of optical RW has been done in [23] , which indicates that the specific triangular spectra could be used to early warning for RW. We believe that there should be some corresponding relations between the spectra and trace.
V. THE TRAJECTORY FOR SECOND-ORDER ROGUE WAVE
Higher-order RW solution has been presented in [10] [11] [12] . It is known that the second order rogue wave possesses different dynamics. Choosing the parameter s 1 = a + ib, we can readily obtain the general second order rogue wave solution by the formula (2) The trajectory of first order rogue wave can be derived exactly. However, for the 2-nd rogue wave, we can not obtain exact expression for the trajectory of 2-nd rogue wave, since the high order algebraic equation emerge for these extreme points. When x or t → ∞, we can readily prove that the trajectory of 2-nd order rogue wave is asymptotic to the first order rogue wave. But we can not obtain the trajectory of 2-nd rogue wave in the neighbourhood of (x, t) = (0, 0) with a simple way. To give the trajectory of 2-nd rogue wave, we use the numerical method. We know that the locations of humps and valleys can be used to describe RW's trajectory. Thus we merely need to obtain the trajectories of these extreme points.
In mathematical view, hump's center corresponds to maximum point of the density distribution function, and valley's center is the minimum point. To obtain the trajectories of them, we just need obtain the zero points of (|u [2] |
2 ) x and the sign of corresponding value of (|u [2] | 2 ) xx for fixed t. The first step, we solve the nonlinear equation-(|u [2] |
2 ) x = 0 numerically to find out the extreme points. Secondly, we can classify the extreme points by the sigh of (|u [2] | 2 ) xx . If the sigh of (|u [2] (x 0 )| 2 ) xx is positive, then the point x 0 is minimum point; if the sigh of (|u [2] (x 0 )| 2 ) xx is negative, then the point x 0 is maximum point. We can plot the trajectories of higher-order RW by this way. We merely consider the three special cases for 2-nd rogue wave solution. Firstly, we give the trace for the standard 2-nd rogue wave solution in Fig. 4 (a) and (b) , which is symmetrical about both the x and t axis. We use the numerical method to derive the peak value curve and hole value curve for standard 2-nd rogue wave (Fig.  4 (c) and (d) ). Compare the trajectory in Fig. 4 with the one in Fig. 1 , we know that the the whole trajectories of them are similar, but the trajectory and structures are distinctive from each other near the location where highest peak emerges. Compare the curves in Fig. 4 (c) and (d) with Fig. 2 , we can see that the two curves are very similar. But they possess different peak values. The maximum of peak value curve for 2-nd rogue wave is 25. But the maximum of peak value curve for first order rogue wave is 9. The hole value of 2-nd rogue wave is also similar with first order rogue wave. But there is a hole curve in the center lonely, which is higher than the background. The maximum of the curve is about 4.2.
For second-order RW, there can be three fundamental RWs in the temporal-spatial distribution. As examples, we give other two special cases for the trajectory of 2-nd rogue wave solution in Fig. 5 , which are symmetrical about the x and t axis separately. From the pictures, we can see that the trajectory of rogue wave is consistent with the first order rogue wave. Each center of the "X" shape corresponds to the highest peak's location. This can be verified by comparing the locations in Fig. 5 . The short-time prediction discussions on the first-order RW are applicable on them too. 
VI. DISCUSSION AND CONCLUSION
We propose a simple representation for generalized RW solution, which can be used to get arbitrary order RW solution and observe its dynamics conveniently. Based on the solution, we investigate the trajectories of them though defining the properties function. We find that the fundamental RW has an "X" shaped trajectory. Although the perturbation for RW is weak long before the moment when highest peak emerge, short-time prediction could be realized through measuring the width between the small valleys. The time can be extended with the improvement of measurement precision. For higherorder RW, the whole trajectory is similar to the fundamental one's. But they are different near the moment when the highest peak emerges, such as the trajectories of the third-order and fourth-order RW in Fig. 6 . We just show that there are some differences between them here. The explicit differences need further analysis and could be used to estimate the broken force of the RW in related systems.
